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9. NEWTON’S METHOD 
 

§9.1. The Geometry Behind Newton’s 

Method 
 Using various algebraic techniques you can solve 

equations such as linear and quadratic equations. But for 

most equations there’s no formula that you can apply to 

get the exact solutions. There is, however, a method using 

derivatives, called Newton’s Method, that can give you 

an approximation to the solutions of virtually any 

equation, to any desired degree of accuracy. 

 The method is iterative. That means that it involves 

repeating a certain sequence of steps a number of times. 

The more times you repeat these steps the better the 

accuracy — if nothing goes wrong. There are potential 

problems that can occur with Newton’s Method, but we’ll 

talk about them later. 

 At each stage you feed the current approximation 

into the process and, after some calculation, a better 

estimate emerges. You continue until the successive 

estimates are close enough to one another according to the 

degree of accuracy you want. 

 But you need to make an initial guess, and this can 

be the tricky part. If it’s too far from a solution to the 

equation you could end up going off the scale, with 

successive estimates fluctuating wildly, or going off to 

infinity. But, if you start reasonably close, the method 

usually homes in on the solution quite quickly. Typically 
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you get an extra decimal point of accuracy for every 

iteration. How close is “reasonably close”? You’ll have to 

wait for some later discussion. For now let’s concentrate 

on how a derivative can turn a good guess into a much 

better one. 

 Suppose we want to solve the equation f(x) = 0. The 

method only solves equations where the right-hand side 

is zero. But that’s no problem. You can always subtract 

the right-hand side from the left to get the right-hand side 

to be zero. 

For example, if you wanted to solve the equation 

x3 = 2x + 2 you’d simply rewrite this as x3 − 2x − 2 = 0. 

We want to find a solution to the equation f(x) = 0 

and this is where the graph of y = f(x) cuts the axis. Now 

look at the following diagram. The x-value of the point 

where the curve crosses the x-axis is the solution we’re 

looking for. Suppose we make a guess, x0, reasonably 

close to the exact solution. 

 

                                           y = f(x)         (x0, y0) 

 

                                                               y0 

                                                                   slope = y0 

                                                                              x-axis 
 
 

                                                      x1   x0 

                      exact solution               guess 
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 The point on the graph that corresponds to x = x0 is 

(x0, y0). We draw the tangent to the curve at this point. 

Clearly, in this situation, the tangent cuts the x-axis at a 

point x1, closer to the exact solution than our previous 

estimate. 

 Now I know what you are going to say. To draw 

the tangent we first need to draw the graph, and if we do 

that we can see where it cuts the x-axis. The point is that 

we don’t actually draw the graph and the tangent. We 

work out by calculus where x1 would be. It may be 

possible for a graph to be drawn and a solution could be 

found by inspection. But apart from this being a fair bit of 

work, you’d be hard put to get more than two decimal 

places of accuracy with a graph (depending of course on 

the scale). But with Newton’s Method you can continue 

and get greater and greater accuracy. 

 The slope of the tangent is the value of 
dy

dx
  when 

x = x0. This we shall denote by m = y0. This means that 

we differentiate to get y and then substitute x = x0. 

 The equation of the tangent is y − y0 = m(x − x0). 

What we’re interested in is where this tangent cuts the x-

axis. This will be when y = 0, so mx = mx0 − y0. So the 

tangent cuts the x-axis at x = x0 − 
y0

m
 = x0 − 

y0

y0
 . This we 

call x1. 

NEWTON’S METHOD 

x1 = x0 − 
y0

y0
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 This one equation is the heart of Newton’s Method. 

It tells you what you need to do at each iteration. Take the 

estimate you already have – that’s the x0. Substitute it into 

the function – that’s the y0. Then substitute x0 into the 

derivative. That’s the y0. Divide one by the other (make 

sure the derivative goes on the bottom) and subtract this 

from x0 to get x1. Of course 
y0

y0
  might be negative, in 

which case subtracting the negative quantity will actually 

increase x0. 

  

Example 1: In solving the equation x3 = 2x + 2, if we start 

with the estimate x0 = 2 what would be the better estimate, 

x1. 

Solution: Let y = x3 − 2x − 2. 

Then y = 3x2 − 2. 

Since x0 = 2, y0 = 23 − 4 − 2 = 2 and y0 = 12 − 2 = 10. 

So 
y0

y0
 = 

2

10
 = 0.2 and so x1 = 2 − 0.2 = 1.8. 

 

 Once we complete one iteration (that’s using the 

basic equation once) we let the x1 become our new x0 and 

repeat the whole process to compute a new x1. We then 

continue in this way, hopefully getting x1’s that get closer 

and closer to the exact solution. In fact, under normal 

circumstances, we can get as close as we like by 

performing enough iterations. 
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Example 2: Continue using Newton’s Method to solve x3 

= 2x + 2 for two more iterations. 

Solution: We had y = x3 − 2x − 2 and y = 3x2 − 2 and our 

x1 was 1.8. This becomes our new x0. 

So y0 = (1.8)3 − 3.6 − 2 = 0.232 and y0 = 7.72. 

(We can’t get far without our calculator when using 

Newton’s Method!) 

 So 
y0

y0
 = 

0.232

7.72
  = 0.0300518135…. which gives: 

    x1 = 1.769948165 … 

This becomes our new x0 and so now: 

y0 = (1.769948165)3 − 2(1.769948165) − 2 

 = 0.0048495026 and 

y0 = 3(1.769948165)2 − 2 = 7.39814952. 

Hence 
y0

y0
  is now 

0.0048495026

7.39814952
 = 0.000655502107 and 

our latest estimate is: 

1.769948165 − 0.000655502107 = 1.769292663. 

 

 Comparing this with our previous estimate it looks 

as though we can rely on the first three decimal places at 

least but we can’t rely on the 4th. 

 

Two points need to be made here. 

(1) The eventual accuracy, of course, is limited by the 

accuracy of your calculator. If your calculator can give 12 

figure accuracy you won’t be able to do better than this 

no matter how many iterations you make. 
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(2) There’s no point in using too many decimal places in 

the early stages. In the above example the fourth decimal 

place was still not certain after three iterations so it was a 

bit silly to use 8 or 9 decimal places in our calculations. 

 Suppose, having got x1 = 1.769948165 after two 

iterations we rounded that to 1.7700. Working now to 4 

decimal places we would have got: 

y0 = 0.005, y0 = 7.399 and x1 = 1.7693 

which is as good as before. 

 

§9.2. The Newton Spreadsheet 
 Newton’s Method is best done on a spreadsheet, 

even if you have to do it by hand with the aid of a 

calculator. The work is set out in four columns. These are 

headed as follows: 

 

 x    y      y  q 

    

 

 We begin with our initial guess in the first column 

of the first row. We’ve yet to discuss how we go about 

making this first guess. Then we substitute this x into the 

equations for y and y. These go in the 2nd and 3rd columns 

respectively. The 4th column is headed ‘q’ for ‘quotient’. 

This is where we divide y by y. This completes the first 

row. We then subtract q from x and put it in the 1st column 

of the next row. This completes one iteration. We fill out 

the 2nd, 3rd and all subsequent rows in a similar way. 
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 As we do this we should be keeping an eye on the 

x column to ensure that it’s converging nicely. And we 

stop when the x’s seem to have settled down as far as the 

number of decimal places we want. 

 

Example 3: Use a spreadsheet to solve the equation x3 = 

2x + 2. Start with an initial guess of x0 = 2 and perform 3 

iterations. 

Solution: Let y = x3 − 2x − 2. 

             Then y = 3x2 −2. 

  

     x     y      y       q 

2 2 10 0.2 

1.8 0.23 7.72 0.03 

1.77 0.005 7.399 0.0007 

1.7693    

 

§9.3. The Initial Guess 
 Well, now we tackle the problem of what is meant 

by “reasonably close” when it comes to the initial guess. 

In developing the method we considered just one of many 

possible cases. 
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Here you see geometrically, through 3 iterations, that the 

successive estimates are converging quite nicely to the 

exact solution. But what if we started on the other side? 

 

 

 

 

 

 

The tangent here take us across to the other side. An 

underestimate becomes an overestimate, and we could be 

a lot further from the solution than our first guess. 

 In many cases this will simply mean we start 

coming back towards the exact solution, just like the first 

case. But it could also mean that we go right over the hill 

and start coming down towards another solution. 

 

 

 

 

 

 

 This raises the question of what happens if there is 

more than one solution to an equation. Newton’s Method, 

if it converges at all, will converge to only one of those 

solutions. Which one will depend on where your initial 

guess is, so to get all solutions you will need to start at 

different places. Generally it will give you the solution 
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that’s nearest where you start but, as you can see in the 

above picture, this is not always the case. 

 If you have no idea how many solutions there are 

you’ll be in a real pickle. You may have found 3 solutions, 

and that may be all there are. But if you don’t know that 

there are only three you would keep trying different 

starting values just in case there were more. 

 That’s why it is generally a good idea to sketch the 

graph first. This will usually show you how many 

solutions there are and what are good starting values to 

get each of them. In theory, even a graph may not give 

you the true picture because you can only plot a finite 

number of points and you can never be completely sure 

what’s happening between them (unless you do some 

deeper analysis on the nature of the function). 

 For example your graph may show the curve 

crossing the axis at one point. 

 

 

 

 

 

 

 

But you won’t have plotted all these points. No matter 

how many points you plot, unless you fluke the solution 

itself, you’ll have two points close together, one below 

and one above the axis. You’ll assume that the curve goes 

cleanly from one to the other, cutting the axis once.  
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But it is just possible that between the two points you 

plotted the curve might cross the axis into positive 

territory, then duck back below the axis and then cross the 

axis a third time, all within such a short distance that you 

don’t notice. 

 

In other words there could be three solutions all very close 

together, so close that you treat them as just a single one. 

If you know whether there are any stationary points in the 

vicinity you could decide between the two scenarios 

because crossing three times in quick succession would 

mean two stationary points (assuming that the derivative 

exists at every point) while if it crosses just the once there 

would be none. Fortunately this sort of behaviour rarely 

occurs in practice so we shall simply ignore it. 

 So you might start near one solution, but not near 

enough, and Newton’s Method might take you away and 

find a different solution, possibly one you’ve already 

found. But even worse things can happen. You might be 

led all over the place and the successive “estimates” might 

fail to converge to anything. Look at the following 

situation, where we start at the black dot and are thrown 
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back and forth. It might eventually settle down 

eventually, but then it might not. 

 

 

 

 

 

 

 

 The simple solution is to start close enough and on 

the correct side of the exact solution. Normally a curve 

cuts the x-axis in one of 4 ways. The following table gives 

advice as to the correct side of the exact solution that you 

should start. 

 

IF yy > 0 IF yy < 0 

start on the right start on the left 

 

 

 

 

 

 

 

This presupposes that you’ve dawn the graph. But 

suppose you haven’t and you have just picked a starting 

point more or less at random. If you started at a good point 

the numbers in the q column will all have the same sign 
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and will get smaller and smaller in magnitude (absolute 

value). If the q changes sign this shows that you started 

on the wrong side. 

 

If q changes sign 

in the Newton Spreadsheet 

then start again with a new guess. 

 

 

EXERCISES FOR CHAPTER 9 
In the following problems use Newton’s Method to 

solve the following equations, using the given starting 

value. Calculate to six decimal places and continue 

until there is no change in the 6th decimal place. 

 

Exercise 1: Solve x2 + x = 10, starting with x0 = 3. 

 

Exercise 2: Solve x2 + x = 10, starting with x0 = 0. 

 

Exercise 3: Solve x2 + x = 10, starting with x0 = −3. 

 

Exercise 4: Solve x3 + 5x2 = x + 3, starting with x0 = 0. 

 

Exercise 5: Solve x3 + 5x2 = x + 3, starting with x0 = −1. 

 

Exercise 6: Solve x3 + 5x2 = x + 3, starting with x0 = −5. 

 

Exercise 7: Solve 2 x − x + 1 = 0, starting with x0 = 1. 
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Exercise 8: Solve 2 x − x + 1 = 0, starting with x0 = 10. 

 

Exercise 9: Solve x  + x2 = 1, starting with x0 = 1. 

 

Exercise 10: Solve 
1

x
 + 

1

x2  = 1, starting with x0 = 5. 

 

Exercise 11: Solve 
1

x
 + 

1

x2  = 1, starting with x0 = 3. 

 

Exercise 12: Solve 
1

x
 + 

1

x2  = 1, starting with x0 = 2. 

 

Exercise 13: Solve cos x = tan 2x, starting with x = 0. 

 

Exercise 14: Solve log x = e
−x

, starting with x = 1. 
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SOLUTIONS FOR CHAPTER 9 
 

Exercise 1: y = x2 + x − 10, y = 2x + 1, x0 = 3. 

     x      y       y       q 

3 2 7 0.285714 

2.714286 0.081633 6.428571 0.012698 

2.701587 0.000161 6.403175 0.000025 

2.701562 0   

This gives the solution  2.701562. 

 

Exercise 2: y = x2 + x − 10, y = 2x + 1, x0 = 0. 

      x        y        y         Q 

0 −10 1 −10 

10 100 21 4.761905 

5.238095 22.675737 11.476190 1.975894 

3.262201 3.904157 7.524402 0.518866 

2.743335 0.269222 6.486670 0.041504 

2.701831 0.001723 6.403662 0.000269 

2.701562 0.000000 6.403124 0 

 

We started quite away from the solution and so the first 

time we were thrown even further away. However we 

gradually worked our way back to the same solution we 

got before.  
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Exercise 3: y = x2 + x − 10, y = 2x + 1, x0 = −3. 

      x         y         y         Q 

−3 −4 −5 0.8 

−3.8 0.64 −6.6 −0.09697 

−3.70303 0.009403 −6.406061 −0.001468 

−3.701562 0.000002 −6.403125 0 

 

By starting near a different solution the procedure 

converged to a different solution: x  −3.701562. 

 

Exercise 4: 

y = x3 + 5x2 − x − 3, y = 3x2 + 10x − 1, x0 = 0. 

        x          y         y         Q 

0 −3 −1 3 

−3 18 −4 −4.5 

1.5 10.125 20.75 0.487952 

1.012048 2.145741 12.193207 0.175978 

0.836070 0.243417 9.457736 0.025737 

0.810332 0.004956 9.073240 0.000546 

0.809786 0.000002 9.065123 0 

 

Although we started reasonably close to a solution, we 

were not close enough to converge smoothly. But a couple 

of steps threw us on the correct side of the solution and 

thereafter the convergence was reasonably quick to x  

0.809786. 

 



 266 

Exercise 5: 

y = x3 + 5x2 − x − 3, y = 3x2 + 10x − 1, x0 = −1. 

       x          y         y         Q 

−1 2 −8 −0.25 

−0.75 0.140625 −6.812500 −0.020642 

−0.729358 0.001181 −6.697690 −0.000176 

−0.729182 0   

Starting at a different point we converged to a different 

solution: x  −0.729182. 

 

Exercise 6: 

y = x3 + 5x2 − x − 3, y = 3x2 + 10x − 1, x0 = −5. 

       x           y         y         Q 

−5 2 24 0.083333 

−5.083333 −0.070023 25.687500 −0.002726 

−5.080607 −0.000076 25.631640 −0.000003 

−5.080604 0   

This produces the solution x  −5.080604. 

 

Exercise 7: y = 2 x − x + 1, y = 
1

x
  − 1, x0 = 1. 

        x          y         y          Q 

1 2 0 ERROR 

Because y = 0 we get an error. We have to choose another 

starting value. 
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Exercise 8: y = 2 x − x + 1, y = 
1

x
  − 1, x0 = 10. 

        x          y         y        Q 

10 −2.675445 −0.683772 3.912772 

6.087228 −0.152766 −0.594687 0.256885 

5.830343 −0.001122 −0.585854 0.001916 

5.828427 0   

This starting value gives x  5.828427. 

 

Exercise 9: y = x  + x2 − 1, y = 
1

2 x
  + 2x, x0 = 1. 

       x           y        y        Q 

1 1 2.5 0.4 

0.6 0.134597 1.845497 0.072932 

0.527068 0.003794 1.742846 0.002177 

0.524890 0.000003 1.739918 0.000002 

0.524889 0   

Starting at x0 = 1 we converge to x  0.524889. 

 

Exercise 10: y = 
1

x
 + 

1

x2  − 1, y = − 
1

x2  − 
2

x3 , x0 = 5. 

          x          y        y         q 

5 −0.76 −0.056 13.571429 

−8.571429 −1.103056 −0.010435 105.705413 

−114.276841    
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Starting at x0 = 5 is too far from a solution. The method 

shoots all over the place and probably will never 

converge. We should start at a different value. 

 

Exercise 11: y = 
1

x
 + 

1

x2  − 1, y = − 
1

x2  − 
2

x3 , x0 = 3. 

       x           y         y         Q 

3 −0.555556 −0.185185 3 

0 ERROR   

Starting at x0 = 3 won’t do because after one step we get 

x = 0 and we get an error if we attempt to substitute this 

into the function. We have to try yet another starting 

value. 

 

Exercise 12: y = 
1

x
 + 

1

x2  − 1, y = − 
1

x2  − 
2

x3 , x0 = 2. 

       x          y         y          Q 

2 −0.25 −0.5 0.5 

1.5 0.111111 −1.037037 −0.107143 

1.607143 0.009383 −0.868960 −0.010798 

1.617940 0.000080 −0.854228 −0.000093 

1.618034 0   

 

This function was specially chosen to highlight some of 

the problems that Newton’s Method can encounter. But 

starting at x0 = 2 does work, giving the solution x  

1.618034. 
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Exercise 13: 

y = cos x − tan(2x) 

y = − sin x − 2sec22x 

    = − sin x − 
2

cos2 2x
 . 

x y y Q 

0 1 − 2 − 0.5 

0.5 − 0.680 − 7.330 0.093 

0.407 − 0.014 − 4.643 0.031 

0.377 − 0.008 − 4.128 0.002 

 

Starting at x0 = 0 we converge to x  0.377. 

 

Exercise 14: 

Let y = log x − e
−x

. 

dy

dx
  = 

1

x
 + e

−x 

x y y q 

1 − 0.3679 1.3679 − 0.2689 

1.2689 − 0.0430 1.0672 − 0.0402 

1.3091 − 0.0007 1.0339 − 0.0007 

1.3098 0 1.0333 0 

 

Starting at x0 = 1 we converge to x  1.3098. 

By sketching y = log x and y = e
−x

 we can see that there is 

only one solution. 
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